We construct a tridiagonal matrix representation for the three dimensions DiracCoulomb Hamiltonian that provides for a simple and straightforward relativistic extension of the complex scaling method. Besides the Coulomb interaction, additional vector, scalar, and pseudo-scalar coupling to short-range potentials could also be included in the same representation. Using that, we are able to obtain highly accurate values for the relativistic bound states and resonance energies. A simple program code is developed to perform the calculation for a given charge, angular momentum and potential configuration. The resonance structure in the complex relativistic energy plane is also shown graphically. Illustrative examples are given and we verify that in the nonrelativistic limit one obtains known results. As an additional advantage of this tridiagonal representation, we use it to obtain a highly accurate evaluation of the relativistic bound states energies for the WoodsSaxon potential (as a model of nuclear interaction) with the nucleus treated as solid sphere of uniform charge distribution.
I. INTRODUCTION
Studying the properties of the resolvent operator (Green's function) associated with the scattering of a projectile by a target is essential to the understanding of both the structure of the target and the interaction of the projectile-target system. For example, bound states and resonance energies are identified with the poles of the Green's function 1 ( ) ( ) G z H z − = − in the complex z-plane, where H is a "complexified" version of the Hamiltonian of the system. Dismissing subtle differences in perturbation theory between resonances and eigenvalues for degenerate states [1] , it becomes obvious that the poles of G(z) are the complex eigenvalues of H in the z-plane. Resonance states are bound-like states that are unstable and decay with a rate that increases with the value of the imaginary part of the resonance energy.
In nonrelativistic quantum mechanics, the dynamical behavior of the state of the system in time is contained in the exponential factor iEt e − , where E is the nonrelativistic energy. For stable states, like the bound states, E is real. However, for the decaying resonance states, E is complex with negative imaginary part. Systems with hermitian Hamiltonians have no states with positive imaginary part for E, which would then blow up in time. Therefore, for systems with a self-adjoint Hamiltonian, energy resonances are located in the lower half of the complex energy plane. Sharp or "shallow" resonances are located below and close to the real energy axis in the complex E-plane. These are more stable. They decay slowly and are easier to obtain than broad or "deep" resonances that are located below, but far from, the real energy axis [2] . Most of the algebraic methods used for the study of resonances are applied directly in the complex energy plane, whereas most of the analytic investigations are done in the complex angular momentum plane [3] . The energy spectrum is the set of poles of the Green's function in the complex energy plane, which consists generally, for one-particle (single channel) Hamiltonian, of three parts:
1) Discrete set of real points on the negative energy axis corresponding to the bound states. 2) Discontinuity of the Green's function along the real positive energy line (a branch cut), which corresponds to the continuum scattering states + . 3) Discrete set of points in the lower half of the complex energy plane corresponding to the resonance states. The basic underlying principle in the various numerical methods used in the study of resonances is that the position of a resonance is stable against variation in all unphysical computational parameters.
Consequently, resonance energies are the subset of the poles of the Green's function G(E), which are located in the lower half of the complex energy plane. One way to uncover these resonances, which are "hidden" below the real line in the E-plane, is to use the complex scaling (a.k.a. complex rotation) method [4] . This method exposes the resonance poles and makes their study easier and manipulation simpler. It has been used very successfully in nonrelativistic atomic and nuclear calculations of resonances. In this method, the radial coordinate gets transformed as 1) The discrete bound state spectrum that lies on the negative energy axis remains unchanged.
2) The branch cut (discontinuity) along the real positive energy axis rotates clockwise by the angle 2θ. 3) Resonances in the lower half of the complex energy plane located in the sector bound by the new rotated cut line and the positive energy axis get exposed and become isolated. Figure 1 is a graphical representation of this process. However, due to the finite size of the basis set used in the calculation, the matrix representation of the Hamiltonian is finite resulting in a discrete set of eigenvalues (poles of the Green's function). Consequently, the rotated cut line gets replaced by a string of interleaved poles and zeros of the finite Green's function that tries to mimic the cut structure. Additionally, in this finite approximation the 2θ cut line becomes deformed in the neighborhood of resonances due to the effect of localization in the finite L 2 bases in regions that are near to the resonance energies. Figure 2 is a reproduction of Fig. 1 but with a finite basis set. Now, the subset of the eigenvalues that corresponds to the bound states and resonance spectra remain stable against variations in all computational parameters (including θ, as long as these poles are far enough from the cut "line"). For multi-channel scattering, on the other hand, there are as many cut lines (branch cuts) as there are channels. Complex scaling causes each cut line + Generally, this part of the spectrum consists of a set of disconnected energy bands with forbidden energy gaps in between. Each band consists of continuous scattering states with energies bounded within that band.
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to rotate about the corresponding channel's threshold energy point with an angle equals to twice the scaling angle of that channel [4] .
The basis for the generalization of the complex scaling method to the relativistic problem was first outlined by Weder more than 30 years ago [5] . The mathematical details of this generalization were given later by Šeba [6] . Nonetheless, the implementation of the method on the relativistic problem has been largely ignored in the physics literature for a long time. We are aware of only two recent applications of the method. One is by Ivanov and Ho for computing resonances of Hydrogen-like ions in the presence of a uniform electric field [7] . The other is by Pestka et al. for obtaining the bound states energies of two-electron atoms within a variational Hylleraas-CI approach [8] . In this work, we present a general and systematic development of an algebraic extension of the complex scaling method to the relativistic problem. The Hamiltonian of the system will be taken to be the three dimensional Dirac-Coulomb Hamiltonian with an additional coupling to a finite range potential matrix. We assume spherical symmetry and consider three different types of coupling of the Dirac particle to the scattering potential. These are the vector, scalar, and pseudo scalar couplings. In the following section, we construct the spinor basis that results in a tridiagonal matrix representation for the reference Dirac-Coulomb Hamiltonian. The matrix elements of the scattering potential will be calculated in a finite subset of the basis using Gauss quadrature approximation [9] . In Sec. III, we show that this representation makes the application of the complex scaling method to the relativistic problem very simple and straightforward. The resonance structure in the relativistic complex energy plane will be shown graphically. Some potential examples are given and we show that in the non-relativistic limit we obtain known results. Moreover, we calculate the relativistic bound states energies for the Woods-Saxon potential (as a model for nuclear interaction) in the presence of the Coulomb interaction for a given set of physical parameters and for three different kinds of coupling: vector, scalar, and pseudo-scalar. In Sec. IV, we discuss our results and give some ideas about further developments to improve the accuracy of the method. A simple program code (RCS-07.1) was developed, using Mathcad ® , to implement the relativistic extension of the complex scaling method and produce all results given in this work. A copy of the code is available upon request from the author.
II. THE TRIDIAGONAL SPINOR REPRESENTATION
In this work, we consider the three dimensional relativistic scattering problem of spin 1 2 charged particle (of mass m) with a massive target. The projectile-target system is described by the time-independent Hamiltonian
The reference Hamiltonian 0 H is taken to be the three dimensional Dirac Hamiltonian that may include coupling to an exactly solvable 4×4 potential matrix V 0 . It is permissible for this "reference potential" to have long-range interaction (e.g., the Coulomb potential). However, the scattering potential matrix V has finite range such that it is well represented by its matrix elements in a finite square integrable spinor basis. 
where the Hamiltonian is written in units of Our choice of atomic units ( = m = 1) over the conventional relativistic units (where 1 c = = ) is made to allow us to take the nonrelativistic limit, c → ∞ (i.e., 0 → ), in a very simple, intuitive, and straight-forward manner which is not possible in the latter units since c = 1. Additionally, it is easier to compare our results with those in atomic physics since the same system of units are used. Moreover, 2 mc → ∞ is not a good measure of the nonrelativistic limit for position-dependent mass systems, which is an interesting problem that is becoming the core of an active field of research. This is because this limit could be violated in regions where the local mass distribution is infinitesimal despite the fact that the system is certainly nonrelativistic. 
where Z is the dimensionless electric charge coupling and where length is measured in units of 2 2 0 4 me π ε (for an electron this unit is 0 a ). The spin-orbit quantum number 1, 2,..
κ = ± ±
and it is related to the orbital angular momentum quantum number by
On the other hand, the radial scattering potential matrix is
where V V S ± = ± . V(r) is the vector potential, S(r) is the scalar potential and W(r) is the pseudo-scalar potential. The reference Dirac-Coulomb problem described by 0 H is exactly solvable. One such solution is obtained (for all energies) as an infinite sum of square integrable functions with expansion coefficients that are orthogonal polynomials in the energy [11] . However, the spinor basis in that solution is energy dependent; a property which is not desirable from numerical point of view. This is because any calculation in such a basis has to be repeated for all energies in the range of interest. Nonetheless, we will use that solution only as a guide to the construction of the spinor basis for the solution space of the present problem. We start by transforming the total radial Hamiltonian using the following 2×2 unitary matrix 
On the other hand, we write the transformed scattering potential as
where
Now, we expand the solution of the wave equation ( Contrary to the basis set used in Ref. [11] , these basis elements are taken to be energy independent. The upper radial spinor component reads as follows H . To that end, the lower spinor component should be related to the upper by the "kinetic balance" relation, which is suggested by the reference wave equation ( ) where µ is another real basis parameter. In Ref. [11] , exact solvability requirement of the reference (Dirac-Coulomb) problem resulted in the energy-dependent basis by dictating that µ ε γ κ = + . However, here we are interested only in an approximate solution to the −6− full problem that still includes an arbitrary, but short-range, scattering potential V(r).
Therefore, for practical calculations we insist that the parameter µ be energy-independent. Using the differential formula and recursion relations of the Laguerre polynomials [12] in the kinetic balance relation (2.14) with 2 µ = , we obtain the following 
Using these and the orthogonality relation of the Laguerre polynomials, we obtain the following tridiagonal basis-overlap matrix (representation of the identity) 
Now, since the scattering potential U(r) is short-range, then we can assume that it will be well-represented by its matrix elements in a finite N-dimensional subset of the basis,
, for some large enough integer N. Therefore, the matrix elements of the potential U(r), which is still arbitrary, can only be evaluated numerically. If we define the (n,m) sampling element of a real square integrable (but not necessarily differentiable) radial function n n ± ± = + . Now, for an integer K larger than the chosen size of the basis N, we can use Gauss quadrature [9] to give the following approximate evaluation for the integral (2.19) (
In the following section, we show that the representation obtained above is compatible and, in fact, very useful in obtaining the relativistic bound states and resonance energies using the complex scaling method.
III. RELATIVISTIC BOUND STATES AND RESONANCE ENERGIES
Bound states for the one-particle relativistic problem described by the Hamiltonian (2.1) are for energies less than the rest mass. That is the bound states energy spectrum is confined to the real energy interval [ 1, 1] ε ∈ − + . Moreover, the time dependence of the total spinor wavefunction for positive (negative) energy, which is given by the exponential
, implies that the imaginary part of resonance energies associated with hermitian Hamiltonians should be negative (positive). Therefore, resonance energies will be located in the second and fourth quarter of the complex energy plane with Re( ) 1 ε > . Consequently, there will be two energy thresholds for relativistic scattering.
These are 1 ε = + and 1 ε = − for positive and negative energy, respectively. Moreover, there will be two semi-infinite cut lines on the real ε-axis corresponding to the continuum scattering states. One for 1 ε > + and the other for 1 ε < − . Thus, the relativistic problem resembles a two-channel nonrelativistic problem (but one with negative energy). Complex scaling causes the two cut lines to rotate clockwise around the origin (ε = 0) with an angle θ [5, 6, 8] . Therefore, these lines will be deformed curving up (down) for energies near
If we parameterize the two cut lines by a real parameter ξ then the continuous rotated spectrum could be written as the following set of complex numbers [6, 8] :
For energies close to 1 ε = ± (i.e., in the nonrelativistic limit where ξ is small), these complex scaled curves slope by the angle 2θ as seen from Eq. (3.1). Figure 3 shows the effect of the complex scaling transformation i r re θ → on the spectrum of H. Bound states are shown as blue dots on the real energy axis whereas scattering states are designated by the red dots. The two rotated cut "lines" are the black solid curves. We choose to write all energy values that will be given below in terms of the relativistic energy variable ( )
Therefore, the continuous energy spectrum (the cut lines of the relativistic Green's function) in terms of this complex variable is simply written as ) E will , in fact, be equal to the nonrelativistic energy E. Now, we show that the matrix representation of the Hamiltonian (2.1) in the spinor basis obtained in the previous section results in a simple and straightforward scheme for the implementation of the complex scaling method on the relativistic problem. To that end, we write the matrix elements of the total Hamiltonian as of its matrix elements in the spinor representation (2.16). Now, this latter transformation is very easy to implement on the matrix elements (2.17), (2.18) and (2.20) that make up the representation (3.3) . One may also note that the ω factor in the normalization constant n a ± together with the integration measure dr cooperate to preserve the equivalence between these two transformations by producing the integration measure dx.
We start with a consistency check of the results obtained using the representation given in the previous section against known exact results. For that purpose we calculate the relativistic energy of the bound states for Hydrogen-like ions (where ) and compare that with the exact formula [10] ( ) to 5 a.u. Nonetheless, built on a general-purpose software package and by an author with limited programming experience, the code used in the calculation is not meant to achieve high precision but to demonstrate the utility and applicability of the extended method. Of course, very high precision could be achieved with better computational routines to find, for example, the generalized eigenvalues and eigenvectors for large tridiagonal matrices. Moreover, since the relativistic energy spectrum (for typical systems) clusters around 1 ε = ± , then to reduce computational errors it is advisable in some cases to calculate the eigenvalues 1 n ε ∓ instead of n ε , respectively. This is also one of the reasons that we chose to give our results in terms of the energy variable E instead of ε.
To illustrate further the utility and accuracy of the method, we implement it on an atomic model with known nonrelativistic resonance structure. We choose the wellestablished and frequently used model Figure 4 is a snap shot from a video that shows how the positive energy resonances become exposed as the cut "line" sweeps the lower half of the complex E-plane, while the angle θ of the complex scaling transformation gradually increases from 0.0 to 0.9 radians. The snap shot is taken at θ = 0.7 radians. It should be clear that, just like in nonrelativistic scattering, the cut line gets deformed near resonances due to the localization effect. In Table II we compare the nonrelativistic limit of our calculation of the resonance energies associated with this model potential for 1
known nonrelativistic results elsewhere. In the calculation, the nonrelativistic limit was achieved by taking 0 100 a α = . That is, the fine structure constant was effectively reduced by a factor of 100 or, equivalently, the speed of light was ascribed a value 100 times larger. We took a basis size N = 100 and calculation stability is for a range of values of ω = 5 to 30 a.u. Here again, we note the good agreement despite the relatively small size of basis (compared to other studies where five to ten fold larger sizes are typical) and limited programming power. It is worth noting that computational errors increase substantially if one attempts to obtain the nonrelativistic limit by reducing the value of too much (for example, by taking ). Table III gives a more comprehensive list of the relativistic energy resonances ( r r i 2 = − Λ E E ) for the same potential as in Table   II , but for several values of Z and κ.
As an additional advantage of the tridiagonal representation constructed in the previous section, we use it in obtaining highly accurate values of the relativistic bound states energies for the Woods-Saxon potential as a model of nuclear interaction. We consider a system consisting of a nucleon and a heavy nucleus of mass number 1 A >> and atomic number Z. In addition to the Coulomb interaction between the nucleon (proton) and the nucleus, we model the nuclear interaction by the Woods-Saxon potential 5) for a given set of parameters V 0 , R 0 , and r 0 , where
[20]. Additionally, for proton scattering, we model the nucleus as a sphere of a uniform charge distribution Ze with charge radius R c . That is, we write the electrostatic potential as However, in the nonrelativistic limit the vector and scalar coupling produce the same results, which could also be verified numerically. We start by calculating the bound states energy spectrum for pure vector coupling and for a given choice of physical parameters. We also compare the nonrelativistic limit of our calculation to the exact spectrum, which is known only for Z = 0 (e.g., for the neutron) and 1 showing a good agreement (to seven significant digits) with calculation stability relative to variations in ω in the range 3 to 30 1 fm − . The nonrelativistic limit was achieved by reducing the value of 1000 times. Table V gives a more comprehensive list of the relativistic bound state energies for the same potential parameters with Z = 0 but for different values of κ and for the three types of coupling. In the pseudo-scalar coupling case, it is interesting to observe that: (1) for 0 κ < , there is only one bound state for this configuration, and (2) for 2 κ = + , one of the bound state energies is greater then V 0 . The last observation could be understood by noting that W(r) belongs to the odd part of the Hamiltonian matrix whereas the energy ε belongs to the even part, consequently its contribution to the energy is of the form 2 W and/or W ′ ± which could exceed V 0 . This is similar to the known properties of potentials in supersymmetric quantum mechanics [22] . Table VI shows similar results to that in Table V but 
IV. DISCUSSION
In our calculation of bound states and resonance energies, we used a finite Ndimensional basis. However, the matrix representation of the reference Hamiltonian 0 H is fully accounted for as given by Eq. (2.18). It is only the potential matrix V that has to be approximated by its elements in the finite subset of the basis as given by Eqs. (2.20a-c) . Therefore, the matrix representation of the Hamiltonian, which is available at our disposal, is the following
Consequently, if one could find the means of handling the infinite tridiagonal tail of this matrix and thus account for the full contribution of 0 H in the calculation, then one should expect to obtain much more accurate results. In fact, such a scheme does exist. The representation (4.1) is the fundamental underlying structure of the J-matrix method [23] . It is an algebraic method of quantum scattering. The method takes into account the full contribution of the reference Hamiltonian analytically. It is in our work plan to combine the relativistic extension of the complex scaling method developed here and the relativistic version of the J-matrix method [13, 24] mc (where m is the mass of the proton) is achieved by multiplying them (e.g., the energy parameter 0 V ) with the conversion factor "0.02409660653". Moreover, in these units the Coulomb potential strength (equivalently, the charge coupling Z) in the reference Hamiltonian (2.4) should be scaled down by the factor "28.81989156", which is equal to the unit of length The relativistic S-wave bound state energies (2 nd column) of a neutron in a heavy nucleus where the nuclear interaction is modeled by the Woods-Saxon potential in a vector coupling only and for 0 V = 300 MeV, 0 R = 7.0 fm, and 0 r = 0.5 fm. The nonrelativistic limit (3 rd column) is compared with the exact values (4 th column). We set the basis size N = 100. Table IV with Z = 0 (the neutron) but for different values of angular momentum and for the three types of coupling. Table V but 
